DAY TWENTY FIVE

Straight Line

CLeorning & Revision for the Doy)

+ Concept of Straight Line + Conditions for Concurrence + Distance of a Point from a
+ Angle between Two Lines of Three Lines Line

Concept of Straight Line

Any curve is said to be a straight line, if for any two points taken on the curve, each and
every point on the line segment joining these two points lies on the curve.

Y
A1, y1)

Y B (xo,y2)

The slope of a line ABis m =tan 0 = =N
X T X

Various Forms of Equations of a Line

The equation of a line in the general form can be written as ax +by +¢ =0
1. Slope Intercept Form The equation of a line with slope m and making an intercept ¢ on
¥axis isy =mx +c
2. Point Slope Form The equation of a line which passes through the point (x,, y,) and has
the slope mis y -y, =m(x -x,).
3. Two Points Form The equation of a line passing through two points(x,, v,) and (x,, y,)is
-yl
(v-y) =20 (x-x,).
Ux, —x, 0
4. Intercept Form of a Line The equation of a line which cuts off intercepts a and b

respectively from the X and Y-axes is X4 % =1.
a
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5. Normal or Perpendicular Form The equation of the
straight line upon which the length of the perpendicular
from the origin is p and this perpendicular makes an
angle o with positive direction of X-axis in
anti-clockwise sense is

xcosa+ ysina = p, where 0 <a <211

6. General Equation of a Line to the Normal Form The
general equation of a line is
Ax+By +C =0
Now, to reduce the general equation of a line to normal
form, we first shift the constant term on the RHS and
make it positive, if it is not so and then divide both sides
by \/(coefficient of x)* + (coefficient of y)’

5 8.4 0.0 B O .O0-C O
Hasd Bae0 Haszo
B

Now, take cosa =

A
————,8in00 = ———and
/AZ + BZ AZ + BZ
p= L, which gives the required normal form.
VA* + B
7. Intersection of lines Let the equation of lines be
ax+b,y+c, =0and q,x +b,y +c, =0, then their point
—b,c, ¢,aq -c,q O
-ab, ’ ab, —ab, H

8. Distance Form or Parametric form The equation of the
straight line passing through (x,,y,) and making an
angle 0 with the positive direction of X-axis is
XX _ V™0 =r,
cos® sin®

. .. b
of intersection is B;ZZ
2

where r is the distance of any point (x, y) on the line
from the point (x,, y,).

Angle between Two Lines

The acute angle 8 between the lines having slopes m, and m,

is given by tan® = T, T

1+mm,

Condition of Parallel Lines

Let m,, m, be slope of two lines, then lines are parallel, if
m, =m,.

Equation of any line parallel to ax +by +c¢ =0 can be taken
asax + by + A =0

Condition of Perpendicular Lines

Let m,,m, be slope of two lines, then the lines are
perpendicular, if mym, = -1

If one line is parallel to X —axis, then its perpendicular line
is parallel to Y —axis

Equation of the line perpendicular to ax + by + ¢ =0 is taken
asbx —ay + A =0

Straight line ax + by +¢ =0 and a'x +b'y + ¢’ =0 are right
angle if aa’ + bb' =0
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Conditions for Concurrence of
Three Lines

1. Three lines are said to be concurrent, if they pass through a
common point i.e. they meet at a point.

2. If three lines are concurrent, the point of intersection of two
lines lies on the third line.

3. The lines g x +b,y +¢, =0, q,x+b,y +c, =0

a b, ¢
and a,x +b,y +¢, =0, are concurrent iff|a, b, ¢, |=0
a b, ¢

This is the required condition of concurrence of three lines.

Distance of a Point from a Line

(i) The length of the perpendicular from a point (x,, y,)to a line
ax, +by, +c

v +b?

(ii) Distance between two parallel lines

ax +by +¢ =01is

|Cz _Cl|

NE

ax +by +¢, =0and ax +by +¢, =01is

Important Results

e The foot of the perpendicular (h, k) from (x,, y,) to the line
. h-x, _k-y (ax, +by, +c)

+by +c =0 b L= 1= 1

ax +by +c =0is given by — 5 Z1h

e Foot of perpendicular from (a,b) on
s +b a+b
x—-y=0is % 5 @
e Foot of perpendicular from (a,b) on
. -b b-a
x+y=0is % 5 Q

e Image (h k) from (x,, y,) w.r.t. the line mirror ax + by +¢ =0
is given by
h-x _k-y, _~2(ax, +by, +c)

a b a +b*

e Area of the parallelogram formed by the lines
ax+by+c, =0;a,x+b,y +c, =0

ax+by+d =0;aq,x+b,y+d, =01is

[dw _Cw)(dz _Cz] i
awbz _azbw

Equation of Internal and External Bisectors of
Angles between Two Lines

The bisectors of the angles between two straight lines are the
locus of a point which is equidistant from the two lines. The
equation of the bisector of the angles between the lines

ax+by+c, =0 ()
and 02X+bzy+cz =0 [11)
are given by, axtbyte :iaZX+sz+Cz
Ja +b; Ja +b?
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where,
(i) if a,a, +b,b, >0, the positive sign for obtuse and negative
sign for acute.

(ii) a,a, +b,b, <0, negative sign for obtuse and positive sign
for acute.

Equation of Family of Lines Through

the Intersection of Two given Lines

The equation of the family of lines passing through the
intersection of the lines

ax+by+c, =0 andax+b,y+c, =0is
(a,x+b,y +c,) + AN(a,x +b, v +c,) =0.
where A is a parameter.

Important Properties
(i) The position of a point (x,,y,) and (x,, ,) relative to the
line ax +by +¢ =0
(ax, +by, +c)

(a) If
ax, +by, +c

>0, then points lie on the same side.
ax, +by, +c

(b) If
ax, +by, tc

<0, then the points lie on opposite side.
(ii) The equations of the straight lines which pass through a
given point (x,,y,) and make a given angle a with the
given straight line y = mx +c are
_mz*tana

v-n) —m(X_XJ

(DAY PRACTICE SESSION 1)

FOUNDATION QUESTIONS EXERCISE

1 The equation of the line, the reciprocals of whose
intercepts on the axes are a and b, is given by:

(@)X +Y =1 (b)ax + by =1
a b
(c)ax + by =ab (d)ax — by =1

2 The equation of the straight line passing through the
point (4, 3) and making intercepts on the coordinate axes
whose sum is -1, is

(a)§+X: 1L+X:—‘|
2 3 -2 1
(b)ﬁ—X:—1yi+X=—1
2 3 -2 1
(c)i+£:‘]y1+l:‘]
2 3 2 1
@) X =Y =g X Y=y
2 3 -2 1

3 The equation of a line passing through (- 4,3) and this
point divided the portion of line between axes in the ratio
5:3internally, is

(@) 9x + 20y + 96 =0
(c)9x —20y + 96 =0

(b) 20x + 9y + 96 =0
(d)20x =9y =96 =0

4 A straight line through a fixed point (2,3) intersects the
coordinate axes at distinct points P and Q. If O is the
origin and the rectangle OPRQ is completed, then the
locus of R is

(a) 3x+2y=6
(c)3x+ 2y =xy

(b) 2x+3y=xy

(d) 3x + 2y =6xy

5§ If the x-intercept of some line L is double as that of the
line, 3x + 4y =12 and the y-intercept of L is half as that
of the same line, then the slope of L is = JEE Mains 2013

@-3 (-2 (-2

8 2 16
6 For which values of a and b, intercepts on axes by line
ax + by + 8 =0 are equal and opposite in sign of
intercepts on axis by line 2x =3y + 6 =0

8 -8
a)a=—,b=-4 b)a=—b=-4
(a) 3 (b) 3

8 -8
cla=—,b=4 da=—,b=4
(c) 3 (d) 3

7 Equation of the line passing through the points of

intersection of the parabola x* = 8y and the ellipse

X2

5 +y? =1is - JEE Mains 2013

(a)y-3=0 (b) y+3=0 (c)3y+1=0 (d) 3y-1=0

8 Aray of light along x ++/3y =+/3 gets reflected upon
reaching X-axis, the equation of the reflected ray is

(@ y=x++3 (b) V3y=x-43
(c) y=+/3x-+/3 (d) V3y=x-1

9 The range of values of a such that (0,a) lie on or inside
the triangle formed by the lines
3x+y+2=02x -3y +5 =0and x+ 4y -14 =0is
(a)1/2<a<1 (b)5/3<a<7/2
(c)bsa <7 (d) None of these

10 The lines x + y =|a|and ax —y =1intersect each other in
the first quadrant. Then, the set of all possible values of a
is the interval

(a) =11] (b) (O»)
(c) [1w) (d) (=1)

11 Area of the parallelogram formed by the lines
y=mx,y =mx +1,y =nx,y =nx +1is equal to
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|m+n| b 2
(m=-ny |m+n]
1 1

d
|m+n @ |m=nl|

(a)

(c)

12 If PS is the median of the triangle with vertices P(2, 2),
Q(6,-1)and R(7, 3), then equation of the line passing
through (1,-1) and parallel to PS is

(@) 4x-7y-11=0 (b)2x+9y+7 =0
(c)4x+7y+3 =0 (d)2x-9y-11=0

13 If A(2-1)and B(6,5) are two points, then the ratio in
which the foot of the perpendicular from (4,1)to AB
divides it, is

(a)8:15 (b)5:8

% =1 passes through the point

14 The line L given by%+
(13, 32). The line K is parallel to L and has the equation

XY =1.Then, the distance between L and K'is

c 3
23 17 23
(a) = (b) V17 (c) T (d) Wi
15 The nearest point on the line 3x — 4y =25 from the
origin is
(a) (-45) (b) B =4) (c)B4) (d) 35)

16 Two sides of rhombus are along the lines, x =y +1=0
and 7x — y =5 =0if its diagonals intersect at (-1, - 2),
then which one of the following is a vertex of this
rhombus

(a) (=379 (b) (=3,-8)
1 -8 10 -7
@51 i
17 Ifthe linesax + 2y +1=0,bx +3y +1 =0,
cx + 4y +1=0are concurrent, then a, b, care in
(a) AP (b) GP
(c) HP (d) None of these
18 For all real values of a and b lines
(2a + b)x +(a +3b)y +(b —-3a) =0and
mx + 2y + 6 =0 are concurrent, then mis equal to
(@) -2 (b) -8 (c) -4 (d) -5
19 If pis the length of perpendicular from origin to the line

which intercepts a and b on axes, then

(b)a® +b? =
p

A
2

(a)aZ + b2 =p2

1
— d
a® b p? @ a b> p

2

20 A straight line through the origin O meets the parallel
lines 4x +2y =9and 2x + y = -6 at points P and Q,
respectively. Then, the point O divides the segment PQ
in the ratio

(a) 1:2 (b) 3:4

(c) 2:1 (d) 4:83
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= JEE Mains 2014

= JEE Mains 2016

21

22

23

24

25

26

27

28

If pis the length the perpendicular from the origin on the

line * + % =1and a®, p®, b® are in AP then a* + b* =
a

(@)0 (b) 1

(c) data is inconsistent (d) None of these

If pand p' be perpendiculars from the origin upon the
straight lines x sec® + y cosec® =a and
X cos B —y sin® =a cos 2 Brespectively, then the value of
the expression 4p® + p'? is

(a)a® (b) 3a° (c) 2a° (d) 4a°

If p,, P», P, are lengths of perpendiculars from points
(m?,2m), (mm' ,m+ m Yand (m'? 2m )to the line

. sin®a
xcosa + ysina +
cosa

=0, then p,, p, , p; are in

(a) AP
(c)HP
The equation of bisector of acute angle between lines
3x -4y +7 =0and12x + 5y -2 =0is

(a)21x + 77y —=101=0 (b)11x =3y +9=0
(c)31x+ 77y +101=0 (d)11x-3x-9=0

A ray of light coming along the line 3x + 4y =5 =0 gets
reflected from the line ax + by —1 =0 and goes along the
line 5x =12y =10 =0, then

(b) GP
(d) None

(@ a=0%% p=112 (b)a=-5% p=8_
115 15 115 115

(C)a:ﬁ’b:—i (d)a:—ﬂyb:—i
115 115 115 115

The sides BC, CA, AB of AABC are respectively
x+2y=1,3x+y +5=0, x -y +2=0.The altitude
through Bis
(@) x-3y+1=0
(c) 3x-y+4=0

(b) x -3y +4=0

(d) x-y+2=0

A variable straight line drawn through the point of

intersection of the lines XY =1and XY =1meets
a b b a

the coordinates axes at A and B, the locus of the

mid-point of AB is

(@) 2xy @+ b)=ab (x +y)

(b) 2xy @-b)=ab (x -y

(c) 2xy @+ b)y=ab (x - )

(d)

The base BC of AABC is bisected at the point (p,qg) and
equations of ABand AC are px + gy =1and gx + py =1
respectively, then equation of the median passing
through Ais

(8) 2pg = 1) (px + qy =1) = (p* + @° = (gx + py =)

(b) @pg + 1) (px +qy =1) = (p* + @° = 1) (gx + py =)
(©)@pg+ N (px+aqy -1) = (> +q* +D(gx+py -9

(d)

None of the above

None of the above
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29 If P is a point(x, y)on the line y = = 3x such that P and
the point (3, 4) are on the opposite sides of the line
3x —4y =8, then

8 8 8 8
a) x> — y<-= b) x>=2, y<—
(a) 1§y % (b) R AT
c) x=—,y=-2= d) None of these
(©) 15 Y 5 @

o a . )
30 If PQ +—,2+ —Qbe any point on a line, then the
NERRING P

range of values of a for which the point P lies between
the parallel lines x + 2y =1 and 2x + 4y =151s

(@) -2 g 52 (b) 0<a< V2
3 6 6
(c) # <a<0 (d) None of these

31 If (a,a®)falls inside the angle made by the lines
x =2y =0,x >0and y =3x(x >0),then a belongs to :
(a) (01/2) (b) (3,0)
(c)(1/23) (d)(=3,-1/2)
32 The lines passing through (3, -2) and inclined at angle
60° with V/3x + y =1is
(@y+2=0
(C)x+y=2

(b)x+2=0
(d)x-y=43

Directions (Q. Nos. 33-36) Each of these questions contains
two statements : Statement 1 (Assertion) and Statement 11
(Reason). Each of these questions also has four alternative
choices, only one of which is the correct answer. You have to
select one of the codes (a), (b), (c) and (d) given below.
(a) Statement | is true, Statement Il is true; Statement Il is a
correct explanation for Statement |

(b) Statement | is true, Statement Il is true; Statement Il is
not a correct explanation for Statement |

(c) Statement | is true; Statement Il is false
(d) Statement | is false; Statement Il is true

33 Statement | Consider the points A(0,1) and B(2, 0) and P
be a point on the line 4x + 3y + 9 =0, then coordinates

of P such that|PA — PB | is maximum, is %%QD

Statement Il |PA - PB| <| AB|

34 Statement | If point of intersection of the lines
4x + 3y =Aand 3x —4yE Ny, O Ris(x,, y,), then
the locus of (A\,p)is x +7y =0, 0 X~ y,.

Statement Il If 4A + 3y >0and 3A — 4 >0, then(x,, y,)
is in first quadrant.

35 Let 6, be the angle between two lines 2x + 3y + ¢, =0
and - x + 5y + ¢, =0and 6, be the angle between two
lines 2x + 3y + ¢, =0and - x + 5y + ¢, =0, where
c,, C,, C, are any real numbers.

Statement | If ¢, and ¢, are proportional, then 8, =6,.
Statement 118, =6, for all ¢, and c;. = JEE Mains 2013

36 Statement | Each point on the line y — x +12 =0'is
equidistant from the lines 4y + 3x =12 =0,
3y +4x -24 =0.

Statement Il The locus of a point which is equidistant
from two given lines is the angular bisector of the two
lines.

(DAY PRACTICE SESSION 2 )

PROGRESSIVE QUESTIONS EXERCISE

1 Aline 4x + y =1through the point A(2, —7) meets the
line BC whose equation is 3x — 4y +1 =0. The equation
to the line AC, sothat AB=AC is

(a) 52x -89y -519=0 (b) 52x + 89y -519=0
(c) 52x -89y +519 =0 (d) 52x + 89y +519 =0

2 Ifthe lines y =m x, r =1,2,3 cut off equal intercepts on the
transversal x + y =1,then1+m, 1+m,, 1 +m; arein:
(a) AP (b) GP
(c) HP (d) None of these
3 In triangle ABC, equation of the right bisectors of the
sides ABand ACare x + y =0and x —y =0
respectively. If A =(5,7) then equation of side BC is
(a)7y =6x (b)5x=y (c)by =7x (d)5y =x

4 Letk be an integer such that the triangle with vertices
(k, = 3k), (5,k)and (- k, 2) has area 28 sq units. Then,
the orthocentre of this triangle is at the point

1 3 3 1
y T b h h T — d L.
@P-2H OFH ©F-3H @R5H
5 A variable line through the point(p,g) cuts the x and y
axes at A and B respectively. The lines through A and B
parallel to Y —axis and the X — axis respectively meet at
P. If the locus of Pis 3x + 2y — xy =0, then
(a)p=249=3 (b)p=3,g=2
(c)p=-29=-3 (dp=-3g=-2
6 If the three lines x =3y =p,ax +2y =qgandax +y =r
from a right angled triangle, then = JEE Mains 2013
(a)a® -9a+18 =0
(b) @ -6a-12=0
(c)a® -6a-18 =0
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(d)ya®-9a+12=0
7 Alight ray emerging from the point source placed at
P(1, 3) is reflected at a point Q in the axis of x. If the
reflected ray passes through the point R(6, 7), then the
abscissa of Q is = JEE Mains 2013
(a) 1 (b)

(€)= (d)

8 Locus of the image of the point (2, 3) in the line
(2x =3y +4)+k(x -2y +3) =0,k OR, is a
(a) straight line parallel to X-axis = JEE Mains 2015
(b) straight line parallel to Y-axis
(c) circle of radius +/2
(d) circle of radius /3
9 A square of side a lies above the X-axis and has one
vertex at the origin. The side passing through the origin

makes an angle a @vhere, O<ac< ggwith the positive

direction X-axis. The equation of its diagonal not passing
through the origin is

(a) y(cosa- sina)- x(sina — cosa)= a
(b) y(cosa+ sina)— x(sina — cosa)= a
(c) y(cosa+ sina)+ x(sina + cosa)= a
(d) y(cosa+ sina)+ x(sino — cosa)=a

10 A variable line ‘L’ is drawn through O(0,0) to meet the line
Li:y-x-10=0andL,:y - x —20 =0 at the point A and
B respectively. A point P is taken on ‘L’ such that

X -y +1+A,(2x -y —2) =0. Equation of a straight line
that belongs to both families is
(a) 25x - 62y +86 =0 (b)62x — 25y + 86 =0
(c)25x - 62y =86 (d)5x -2y -7 =0
12 Equation of the straight line which belongs to the system
of straight lines a(2x + y =3) +b(3x +2y -5) =0and is
farthest from the point (4,-3) is
(a)4x+ 11y -15=0 (b)3x -4y +1=0
(c)7x+y-8=0 (d) None of these
13 One diagonal of a square is along the line 8x =15y =0
and its one vertex (1,2), then equations of a side passing
through this vertex are
(a)7x + 23y =53 =0,23x -7y -9 =0
(b)7x - 23y =53 =023x +7y -9 =0
(c)7x+ 23y +53 =028x -7y +9 =0
(d)7x+ 23y +53 =0,23x +7y +9 =0
14 The equations of the straight lines through (- 2, =7) and
having intercept of length 3 between the lines
4x + 3y =12and 4x + 3y =3is
(a) 7x - 24y —182 =0 (b) 7x + 24y +182 =0
(c) 7x+ 24y -182 =0 (d) None of these
15 If angle between lines ax + by + p =0 and
: T . ) .
X cosa + ysina = pis — and these lines with other line

x sina — y cosa = 0 are concurrent, then a® + b® =
(a) 1 (b)2 (c)3 (d)4

16 Straight lines y =mx + ¢, and y =mx +c,, where m OR
meet the X —axis at A, and A, respectively and Y — axis

+

2 1 .
P oatoB Locus of ‘P'is at B, and B, respectively. It is given that point A, A,, B
and B, are concyclic. Locus of intersection of lines AB,
(a) 3x + 3y =40 (b) and A,B, is
()33X+33y+4(1)0=0 @3y -3 0 I ) | = X (B)y+x=0
C)3x -3y =4 y-3x=4 ) xy =1 (d)xy+1=0
11 Consider the family of lines ANSWE Rsc
5x+ 3y -2+ A, (3x -y —4) =0 and
1 (b) 2 (d) 3 (0 4 (o) 5 (d) 6 (d) 7 (d) 8 (b) 9 (b) 10 (o)
11 (d) 12 (b) 13 (b) 14 (d) 15 (b) 16 (c) 17 (a) 18 (a) 19 (d) 20 (b)
21 (o) 22 (a) 23 (b) 24 (b) 25 (o) 26 (b) 27 (a) 28 (a) 29 (a) 30 (a)
31 (o) 32 (a) 33 (d) 34 (b) 35 (a) 36 (a)
1 (d) 2 (o) 3 (a) 4 (d) 5 (a) 6 (a) 7 (d) 8 () 9 (b) 10 (d)
11 (d) 12 (b) 13 (a) 14 (b) 15 (b) 16 (b)
Get More Learning Materials Here : & m @) www.studentbro.in



Hints and Explanations

SESSION 1
1 If a, b, are intercepts of the line on the
axes, then
1/a =al/b, =b
0 a =1/ab, =1/b

O Equation of the line is
x/a + y/b, =1lorax+by =1
2 Let x —intercept = a
and y —intercept = b
Since, a+b=-10 b=-(a+1)

O Equation of line isX- ¥ =1
a a+1
Clearly,
+ -_
4_ 3 :1D4a 4 3a:1
a a+1 ala+1)

0 a+4=d+al a=+2

Hence, equation of line is

E—X:]OIL+X:1.
2 3 -2 1
3 Let the equation of line be * + % =1
a
O According to given condition,
we have
C(~4,3)=C ? @@
8 8
| a= - 32 andb = 24
3 5
0 Equation of line is
- 37X + 5l =1
32 24

@ 0) 0

O- 9% 20 96 0
O 9x-20y+96=0
4 Equation of PQ is
i+£:1
h k

v R(h k)

Q(0, k)

(2.3)

X/
O  ph,0)

Y/
Since, it is passes through the points
(2,3)
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0 +

=1 0 2k + 3h = hk

| w

2
h
So, locus is3x + 2y = xy
Wehave,E +L =1

4 3
For line L, x-intercept =2 x 4 = 8

v-intercept = % X3 = 3

OLine L is = + -2 =1, Slope, m = -3
3/2 16

ax+by +8=0

O ax+by = -8
X Vo_

O 3 + 5 - 1 (intercept form)
a b

Also, 2x—3y=—6|]—§+§=1

According to given condition,

we have
-8 _ —[—S]and—§ =-2
a b
8
O a=-—andb =4
3
On solving both the equations, we get
8y 2
7+ =1
3 y

O 3y°+8y-3=0
O By-1y+3)=0
0

y = —3,%herey¢—3

1 2
At y=-, x=%2]/Z
3 3

So, the points of intersection are
O O g 0
2.2, Loand D—Z\E, 15
ovs 30 O V3 30

From option (d); 3y — 1 = 0is the
required equation which satisfied the
intersection points.

Take any point B(0,1)on given line.

8O /=
/A3, 0)
*B(0, 1)

Equation of AB' is

-1-0

y-o0= (x=+3)

0-3

0 -\By=-x+3

O x—«/§y=«/§
O 3y =x-43

9 From figure, for (0,a)to be inside or on

the triangle,
Y 640

C *
7/2 ?ﬂ/@
BX+4J/\74<O

5/3
X

{
N

y+3x+2=0
7
2

§SGS
3

10 Asx+ y =|alandax-y = 1.

11

Intersect in first quadrant.
So, x and y-coordinates are positive.

+ —_—
szlilalz()andyzmzo
1+a a+1

O 1+a=20andala|-120
O az-land alalz21 ...(i)

If -1<a<00- & 1 [notpossible]
Ifa200 =210 a=210 aO[lp )
Let lines OB:y = mx,CA:y = mx + 1
BA:y =nx+1 and OC:y = nx

So, the point of intersection B of OB and
AB has x-coordinate

Now, area of a parallelogram
OBAC = 2 x Area of AOBA
1 1

=2><1xOA XDB=2x2= X
2 2

m-n
1 1

m-n |m-n|

depending upon whetherm > norm < n.

12 Coordinate of

S = +6,3_1§:§1£,1§
2 2 2

[since, S is mid-point of line QR]

P(22)
Q S R
6.-1) (7.3)
@) www.studentbro.in



13

14

15

16

Slope of the line PS is _?2

Required equation of line passes through
(1, = 1)and parallel to PS is

-2
+1=—(x-1
y 5 ( )
O 2x+ 9y +7=0
Let P(4,1)and PDUO AB.

Equation of ABis3x-2y -8 =0
0 Equation of PD is2x+ 3y —11 =0
P(4,1)

A B
@-1 (6,5)

Let line AB is divided by PD in the ratio
A:1, then intersecting point

DQM,S)\_lglies on
A+1 A+1
2x+3y —-11 =0.
2@6)\+2§+3§5)\—1§_11=0
A+1 A+1

g 16A-10=0[\ :1=5:8

A D 1

Since, the line L is passing through the
point (13,32).

Therefore, 13 + 32 . 10 32
5 b b

OBFE- 20
The line K is parallel to the line L, its
equation must be

XV g KXoV

5 20 5a 20a

On comparing with X Yo 1, we get
c 3

20a = -3,¢c =5a

=3 andc = 5x B3
0 20 4
Hence, the distance between lines
_3 _
= a1 _J20 |_ 23
\/i L L [
25 400 400

The desired point is the foot of the
perpendicular from the origin on the
line3x — 4y =25

The equation of a line passing through
the origin and perpendicular to

3x — 4y =25is4x + 3y =0.

Solving these two equations we get
x=3y=-4

Hence, the nearest point on the line
from the origin is (3,— 4).

Coordinates of A = (1,2)

O Slope of AE =2

0O Slopeof BD = - 1
2

17

18

19

20
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X 7X=y-5=0

B £ -2, P

C

0 Equation of BD is yrz_-1

x+1 2
O x+2y+5=0

0 Coordinates of D = %, _ng
It is given that the lines

ax + 2y +1=0bx +3y +1 =0,
cx + 4y + 1 = 0 are concurrent

a 2 1
O b 3 1|=0
c 4 1

0O - & 20 = 002b=a+c
0 ab,c are in AP.

Given equations,
(2a+b)x +(a+3b)y +(b —3a) =0

and mx + 2y + 6 = 0 are concurrent for
all real values of @ and b, so they must
represent the same line for some values
of a and b. Therefore, we get

2a+b :(a+3b):b—3(1
m 2 6
On taking last two ratios,
a+ 3b :—Sa+bDb:_§a
2 6 4
On taking first two ratios,
2(2a + b) _ 2{2a - 3/ 4)a}
a+ 3b a+ 3(-3/4)a
-_10__,
5
The length of perpendicular from (0,0)t
line = + X=1,isp=;
a b 1,1
4+
a b
SRR
az bZ pl

Now, distance of origin from
4x+2y -9 =0is
B
V& +22 V20
and distance of origin from
2x+ y +6=0is
6] 6

T

0 Required ratio = 9

/ =
6//5

5]

| w

1 ab

21 p-=
Jasad)+a/b?) \/a +b?
d, p*,b* are in AP.
2
0 zabe 2+b2

22

23

24

25

0 a'+b*=0ie a=b=0

This is impossible, therefore given
information is inconsistent.

Since, p = length of the perpendicular

from (0,0) on xsecB + ycosecb=a

_ a _asin20
O p= =
\/secz 6+ cosec’ 0 2
0 2p=asin20 ...(1)
Also, p'= length of perpendicular from
(0,0) on xcos B -y sinB = acos 26
, acos 20
g p =
JJcos*8 + sin® @
= acos 20 ...(ii)

On squaring and adding Egs. (i), (ii), we
get

4p2 + pVZ = az
s 2
. sin’a
p, =|m’cosa + 2msina +
cosa
sin’ o
p, =|mm'cosa + (m + m')sina + ——
cosa
2 sin’a
p, =|m”cosa + 2m'sina + >——
cosa

mm'cos*a + (m + m')sina cosa

- +sin’a
b, =
cosa
_ (mcosa + sina)?
b=
cosa
_ (m'cosa + sina)?
Py =
cosa
—_ 2 _
Dpz = P14 Ps o P> =P1DPs

Hence, p,, p, and p, are in GP.

Make constant terms of both equation
positive.

3x -4y +7=0
and -12x -5y +2 =0
Since, aq,a, + b,b, = =36 +20 <0
O Bisector of acute angle is given by
with positive sign

3x-4y+7:+Q—12X—5y +20
Jo+1e  H J1aa+25 i

0 39x-52y + 91 = -60x —25y +10
O 99x-27y +81=0

0 11x -3y +9=0

Equation of bisectors of the given lines
are

x+4y -5H_  Hsx-12y -10{
H,/a + 4 E H,/5+ 12)‘5

O (39x + 52y — 65) = = (25x
- 60y - 50)
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26

27

28

O 14x + 112y -15=0
or 64x -8y —115=0

O §X+—112y—120
15 15
oo 8x-8 120
115 115
- a4 g 112
15 15
or a= ﬁ,b = - i
115 115
The required line is given by

x+2y-1+A(x -y +2)=0 ...(Q)
It is perpendicular to3x + y + 5=0

O31+AN+2-A=00A=-

al

2
From Eq. (i), we get
x-3y+4=0

The intersection of given lines is

E+X—1+}\%+X—1H:0
a b a

meets the coordinate axes at

O O O O
o1+ A 0O 1+ A0
Agx 0omd P T 50
af

'y B BT

The mid-point of AB is given by
1+ A

D(p,q)

Equation of line AB
px+qy =1
Equation of line AC
gx + py =1
The equation of line passing through the
intersection point of above lines is
px+qy —1+Agx + py -1)=0

which passes through (p,q)
O p"+q¢ -1

+ AMpg + pg=1)=0 ...(i)
. e - pz + qz -1

2pg -1
O Substituting the value of A in Eq. (i),
of the line through Ais(px + qv - 1)

29

30
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~ pz+q2 _1(
2pg -1
O @pg-1(px+qy —1)
=(p* +q" -1gx + py -1)
LetL, =3x -4y -8
At(3,4),L, =9-16 -8 = 15 <0
For the point P(x, y), we should have
L,>o0.
O 3x -4y —-8>0
0 3x-4(-3x)-8>0
[-P(x, y) lieson y = - 3x]
O x>8/15 and-y -4y -8>0
y<-8/5

gx + py —1)=0

[y =-3x]

0
. o o .
Since, P@l + —,2+ —Qhes between
V2 V2

the parallel lines x + 2y =1and
2x + 4y =15 therefore

a
Be BB Sf
2 V2 <0
2@1+i§+4§z+i§—15
2 2
| 4420
4430 o+ =20
O ‘/g <00 H D<0
a | 20
5t — o - 250
V2 0 60
. —42 52
3 6
l1(m4)

A@3,-2)
l(m =tan 6)
Let /, and 1, are the equations of the
lines inclined at an angle of 60° with the
line /.
O Slopes of lines are tan(0+ 60°)

33

34

35

36

Now, equation of lines /, and /, are

y + 2 =tan(0+60°)(x —3)
tanB+ tan 60°

| +2=—"" — (x-3)
v 1F tanBtan60°
O y+2 =ﬂ(x_3)
17 (-3)V3
O v+2=0
or y+2=\/§[X—3]
Equation of line AB is
0-1
-1= (x—=0)
7 2-0
O x+2y -2=0

Here, |PA - PB |<|AB |

Thus, for |PA - PB | to be maximum,
A, B and P must be collinear.

The point of intersection of lines
4x + 3y = Aand3x — 4y = puis
X = 4\ + 3l
25
3N - 4u
and ==
g 25
4N+ 34 _ 3N - 4p
X = oD— ===
o 25 25
O A+ Ww= 0

Hence, locus of a point (A, p)is
x+7y =0.

Here, angle between the lines
2x+3y +c, =0
and-x+5+c¢, =0is6,.

+
0 tang, = 1/5+2/3 _|13/15
1-2/15 13/15

=1 = tan45°

n 6 , = 45°

Also, the angle between the lines
2x+ 3y +c¢, =0and

-x + 5y +¢, =0is6,.

+
0 tanGZ _ 1/5+ 2/3 _ 13/15
1-2/15| [13/15
=1 = tan45°

] 6 ,=45°
Here, we observe that the value ofc,, ¢,
and ¢, is not depend on measuring the
angle between the lines.
So, ¢, and ¢, are proportional or for all ¢,
andc,6, =6,
Equation of bisector of
4y +3x-12=0
and 3y + 4x —24 =0is
4y+3x—12:+ 3y + 4x - 24
Jie+9 7 Jo+16

O y-x+12=0
and7y + 7x =36 =0

So, the line y = x + 12 = 0is the
angular bisector.
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SESSION 2

1 A@,-7)

4X+y=1

B 3-4+1=0 C

Let m be the slope of AC, then

§+4 m—§
tan B=tanC O 2 = 34
1-3 ,,3m
4
O —E:4m_3 O m:—g
8 4+ 3m 89

0 Equation of AC is

_ 52

+7=-""(x-2)
7 89
0 52x+ 89y + 519 =0
2 AB = BC O B is mid-point of AC.

y=mgX
y=moX
C
y=m1q X
B
A
x+y=1
Clearly, Azgi m, B
Om, +1 m, +10]
o1 m, U
B=0—:, g
Om,+1 m,+10
| |
C= 1 , m, g
Om,+1 m,+10
Now, 2 _ 1 + 1

m,+1 m +1 m,+1
O m, +1,m, +1,m, +1are in HP.
3 Clearly, B = reflection of A(57)in the
linex+ y =0

A(5,7)
x+y=0 Xy=0
B C
| B =(-7,-5)
C = reflection of A(57)in the line
x-y=0
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O C =(7,5
Equation of BC is 7y =5x.

Given, vertices of triangle are

(k, - 3Kk), (5 k)and (- k, 2).

k -3k 1
0 15 k 1|=%28
2l 2o
k -3k 1
0 5 k 1/=%56
-k 2 1
O k(k —2)+ 3k(5+ k) +1(10 + k)
=+ 56
O k* -2k +15k +3k*> +10 +k*
=+ 56
O 5k + 13k + 10 = + 56
] 5k* + 13k — 66 =0
or 5k* + 13k — 46 =0
0 k=2 [~k O]

Thus, the coordinates of vertices of
triangle are A(2, - 6), B(5 2)and C(- 2, 2).
Y,

C22 D

A (2,-6)
v
Now, equation of altitude from vertex A
-1
isy-(-6)=— -~ (x-2
7 02-2 D( )
U——->0
[+2-50
0 x=2 ()

Equation of altltude from vertex C is

y -2 27 x - (-
2-ol
Hs-2 H
0O 3x+8y-10=0 ...(ii)
On solving Egs. (i) and (ii), we get
1
x=2and y = ~.
7 2

0 Orthocentre = @2, é@

Let the equation of the variable line be
v —q =m(x - p), where m is a variable

Then, A= @L @

and B =(0,q —mp)
Let P =(x,y), then
_mp-q
m

orm(p - x)=q ()

and y=q-mpormp=q-y ...(ii)
On eliminating m from Egs. (i) and [ i),
we get

U pg-gx-py+xy =pq

U py +gqx=xy
or B+1:1
Xy

This is the locus of P.
But locus of Pis3x+ 2y =xy (given)

or E+i=1
x ¥y

O p=2

and q=3

Caselletlinel, = x -3y = pand
1, = ax + 2y = p are perpendicular, then
1 X —E = -1
3 2
O a=6
Case Il Let line I, = ax + 2y = pand
I, = ax + y =r are perpendicular, then
-a
——x-a=-1
2
0 a = -2 [not possible]
Case Ill Let line I, = ax + y =r and
1, = x =3y = p are perpendicular, then

—-a % % = -10 a = 3. So, formation of
quadratic equation in a, whose roots are
3 and 6, is

a -(6+3)a+(63)=0
O @ -9a+18=0
Here, QS 0 OX

It means QS bisect the OPQR.

Then, OPQS= 0 RQS

0O O RQXO PRO 6 [let]
O O XQP 188 ©

Slope of QR = tan® = RFANEY

X _X
7-0 .
= (i
6ok (i)
Slope of QP = tan(180° - 0) = —tan6
=TV 370 )

X, = X, 1-k
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O From Egs. (i) and (ii),

7 __ 3
6-k 1-k
0 7 -7k =-18 + 3k
10k = 25
0 k=2
2

Hence, the coordinate of Q is %5, 0@

Key Idea First of all find the point of
inter- section of the lines2x-3y + 4 =0
and x — 2y + 3 = 0(say A). Now, the
line(2x =3y + 4) + k(x =2y +3) =0is
the perpendicular bisector of the line
joining points P(2, 3)and image P'(h, k).
Now, AP = AP'and simplify.
Given line is

(2x =3y + 4) + k(x -2y +3) =0,

kOR ..(3)

This line will pass through the point of
intersection of the lines
2x -3y +4=0

xX—-2y+3=0
On solving Egs. (ii) and (iii), we get

...(i1)
and ... (1ii)

x=1Ly=2

Thus, point of intersection of lines (ii)
and (iii) is (1, 2).

Let M be the mid-point of PP’, then AM
is perpendicular bisector of PP' (where,
A is the point of intersection of given
lines).

AP = AP'
O 2-1)7*+ (3 -2)

=J(h —1f + (k -2}

Clearly,

O V2= +k -2h -4k +1 +4
O V2 =k + K -2h -4k +5
O h*+k*-2h -4k +5=2
O h*+k*-2h-4k +3 =0
Thus, the required locus is

X +y  -2x -4y +3 =0
which is an equation of circle with

radius= 1+ 4 -3 =2

9 Slope of the diagonal = tan % + a@

_~—1+tana
1+ tana

10

11

12
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_ sina - cosa

sina + cos

The equation is
v —asina _ sinda —cosa

X—acosd sina + cosa

0 y(cosa+ sina)
- x(sina —cosa)=a

Let equation of the line OAB be

X :L =r
cos® sinB
m| x=rcosB,y =rsinb.

For A, let OA = r, then A(r, cos®, r, sinB)
liesonL,.

Lyy=x+10 Lo:y=x+20

1 _1 :sine—cose

OA T 10

Similarly, 1 -1 7sme—cose
OB 1, 20

Let P =(h,k)=(rcos6,rsin®)

2 2 1 1

Then, — =2 ="+ —
OP r r 1

0 2 _ sinG—cosG+sin9—c036
r 10 20
0 40=3rsin®-3rcos O
=3k -3h
0 Locusof Pis3x =3y + 40 =0
O 3y —3x =40

Lines 5x+ 3y —2 + A, (3x —y —4)=0are
concurrent at the point of intersection of
the lines 5x + 3y —2 = 0and

3x -y —4=0ie at A(1,—-1)

Similarly, lines

x—-y+1+A,(2x-y —2)=0are
concurrent at B(3,4).

The line, that belongs to both families is
AB, whose equation is

“1-4 g

y-4=

ie. 5x -2y -7 =0.
a(2x+y —3)+b(3x +2y —5) =0 passes

through the point of intersection of the
lines

13

2x+y—-3=0and3x+2y —5=0.

i.e. Through (1,1).

The line of this family which is farthest
from (4,-3)is the line through (1,1) and
perpendicular to the line joining (1,1)
and (4,-3).

0 Required line is y -1 =3/ 4(x -1)
ie.3x—-4y+1=0

¢
//Q, 4
RO A

s
&

‘m(6)
As can be seen from the figure, AB and
AD are the line segments inclined at an
angle of 45° with the diagonal line
AC(8x — 15y =0)

Now, slope of line AB = m

T
O m,,-= tan%——@
AB 4

where, 6 is the angle of inclination of
diagonal with the positive X-axis.

_ tan6-1_8/15-1
O m, = = —
1+tan® 1+ 8/15

B(1,2)

O mAB=-E

O Equation of line AB is
7
-2=-"(x-1)
7 23
O 23y -46=-7x+7

0 7x+ 23y =53
Also, slope of line

AD(OABF m,.= 23
| V-2 =§(x—l]
7
0 23x - 7y =23 - 14
O 23x -7y =9

14 Let m be the slope of the line and angle 8

it makes with the parallel line.

(=2.-7)
0

4x+3y=12
9/5

4x+3y=3

O sinG=§ortan9=E
5 4

Hence, slope of the parallel lines is — 4
3
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O 3 =tan9=E
4m 4
1- -
3
+
D mri 3 pm=-7
3-4m 4 24

The lineis y +7 = —zl[x +2) or
4

7x+ 24y +182 = 0.

According to the question,

_a, cosa

tan X = b sina
4 ,, acosa
bsina

bcosa — asina
O 1=
acosa + bsina

0 acosa + bsina = bcosa — asina

O (a-b)cosa = = (b +a)sina
O tana = 22 ...(4)
b+a

Intersection point of ax+by + p =0 and
y =xtana given by is ax + bxtana = p

O X:L
a+b tana

and _ ptana
a+ btana

Intersection point of xcosa+ ysina = p
and y = xtana is given by
xcos0O+ xtana sina = p

O

X = pcosa, y = pcosa tana
v = psina

According to the question,

- p _ .
X=———=pcosa e\ 11
a+btana P (i)
and y=—PR% - ging ...(iii)
a + b tana
O L: p
a+b[b—a5 seca
+aD
0 P __ P
a+bEb_aB \/seczcx
+all
Y
J1+tan’a
0 b+a2 _ 1 :
ab+d +b* —ab b —al
1+ 0
+all
[using Eq. (i)]
=__ bta
b+a)+b-a)f
0 a + b* =2 +Db*)
0 (@ + b*f =2(a® +b?)
] (@ +b*)(d@ +b* -2)=0
0 a +b* #0
O a +b* =2
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16 A B, =y =mx +¢,

AB,=y=mx +c,

B>

X
0 A2 A1

O A = @ﬁ,oga =(0,c,),
m

A, = %C—Z,OQBZ =(0.,)
m

Since A, A,, B, B, are concyclic,

OA,0A, =0B, 0B, 0 “1°2=¢ ¢,
mZ
0 m*=10nF 1(m 0)
O A =(-¢0),4,=(-c,0),
B, =(0¢,),B,=(0,c,)
Now, A,B,=-X +% =1
Cl CZ
and AB, = B
C C

2 1

For point of intersection, consider
X X
XY o X,y

Cy Cy C, Gy

€, —c,)x+(c, —¢,)y =00x = 0
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